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SCHUR M - POWER CONVEXITY OF RELATED FUNCTION
FOR HOLDERS INEQUALITY WITH APPLICATION

CHOWDAPPA M R! SREENIVASA REDDY PERLA 2, S PADMANABHAN 2 UDAY
KUMAR K N*

ABSTRACT. Using majorization inequality theory, we examined the Schur m
power convexity of related function for Holders Inequality related function and
establishing several applications.

1. INTRODUCTION

The set of n-dimensional row vectors on the real number field is assumed
throughout this work R"™. Let

Ri = {V = (V17V27 --~aVn) LV 2 O,t = 1,2, ...,n}7
By Holder’s inequality [11], we have

Soos ($1) (S4) -

swpw < ([ woya) ([ wwya) (12)

Here r; > 0,5, > 0,p> 1,5+ ;=1

The Schur convexity of functions pertaining to special means is a major re-
search topic that has piqued the interest of a number of mathematicians. There
have been countless publications written on this subject in recent years (see [1],
[6]) and their sources. Zhang and Yang ([16], [19]), Chu, Zhang and Wang [3], Shi
and Zhang ([13], [14],) , Meng, Chu and Tang [12] , Zheng, Zhang and Zhang [15],
Meng, Chu, and Tang citeMeng, and Zheng, Zhang, and Zhang citeZheng inves-
tigated the Schur geometrically convex functions and Schur harmonically convex
functions as supplements to the Schur convexity of functions. These features of
functions have been shown to be beneficial in detecting and demonstrating spe-
cific means inequalities (see [8]-[11], [15],[21]-[24]). Dong-Sheng Wang, Chun - Ru
Fuf and Huan-Nan Sh [1] investigated the Schur convexity about related function
of Holders inequality by using majorization inequality theory .

This paper motivates us to investigate Schur m - power convexity about related
function of Holders inequality by using majorization inequality theory.
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2. PRELIMINARIES
To estabilish our main results, we need the following definitions and lemmas.

Definition 2.1. [[1], [2]] .Consider two arbitrary n-tuple elements A\, u € R"
A= (Al, )\2, ceey )\n) and o= (ul,ug, ...,[Ln) € R™.
(1) For the arrangements of A and p in descending order of the form if

t t
D A <D )
p=1 p=1

for 1 <t <n-—1, \issaid to by majorized by p, (in icon A < u) and

> A =D i,
p=1 p=1

where )\[1] > 2> /\[n] and M 2 2 )
(2) Let WC R*(n>2)p=1,2,--- ,n A > pmeans \, > [, .
The function w : ¥ — R is declining if and just if —w is escalating.
(3) For ¢,n € [0,1] with (+n =1, ¥ C R" is a convex set, if
(CM +np, -+ CAy 4+ i) € W for all A and g
(4) the function w : ¥ — R is considered to be Schur-convex whenever A <
on ¥ implies w(A) < w(p). w is Schur concave on V¥ if —w is Schur convex.

Lemma 2.2. [7]. Let w : ¥ — R be differentiable in ¥° and continuous on ¥
and U C R"™ be symmetric with non-empty interior W°, then w is Schur convexr
on V if and only if w is symmetric on ¥ and

Oow  Ow
— — >0 2.1
w-0 (5 -5 ) z0=0 (2.
Definition 2.3. Let ¢: R . — R be defined by
™ =1
o@)={ g m70 (2.2)
Inz, m=0

Then a function f : ¥ C R}, — R is supposed to be Schur ‘m’- power
convexity on U if (d(uy), (d(uz),....(¢(un)) < (P(v1), (4(v2), ....(¢(vy))) for all
(U1, Ug.....un) € ¥ and (vq, vg.....v,) € ¥ infers ¢(u) < ¢(v).

If —¢(u) is Schur ‘m’- power convex, then we say that ¢(u) is Schur ‘m’-power
concave.

Lemma 2.4. [20] Let w : ¥ — R be differentiable in ¥° and continuous on W
and ¥ C" be symmetric with non-empty interior W°, then w is Schur convex on
U If w is symmetric on ¥ and

‘,Lﬂlﬂ _xgﬂ 17ma(p(‘r) _ 17ma<)0(x) > .
[z I R v ] >0,if m#0 (2.3)

(Inxy — lngcQ)[:cla(’O(x) - dp(x)

oy 2 0xa

and

]>0,if m=0 (2.4)
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Lemma 2.5. [17].(Chebyshev’s inequality) If progressions r, > 0, s, > 0.
we have

(1) When ry, s, have opposite monotonicity, then

Zrlzsl > nZsm (2.5)

(2) When ry, s, have same monotomczty, then

ZrlZsl < nZsm (2.6)
=1 =l =1
Lemma 2.6. If ¢(v) is the convex (concave) function on the interval then

(5 s [omws@@E N e

Lemma 2.7. [11]. Let v = (v1,v5,v3...15,) € R, then
( L1 ] ) < (%a%w%) _y
(H,(v)) (Ha(v)) " (Ho(v)) e

n

Lemma 2.8. [17]. (Young’s inequality) Suppose r,s > 0,p > 1, % + % =1 then
1 1
—rP+ -5 >rs (2.8)
p q

Lemma 2.9. Suppose r,s > 0,p > 171—1) + % =1 then

r?+ 52

1 1
rs < —(r? +sP) + = (r? 4+ s9) — 2.9
L) ) = (29)
Lemma 2.10. when 1 >1r>s>0,p>q > 1 then
1 1 1 1
—rP 4 =5t < P 4 —pf (2.10)
p q p q

3. MAIN RESULTS

In this paper, by using the principle of majorization as an example, combined
with majorization inequality, the Schur m power convexity of related function
for holder’s inequality gives sharpening inequality of the Holders under certain
conditions.

Our primary outcome is as follows:

Theorem 3.1. Letr,, > 0 and s, > 0 be any two progressions and let p and q be
two non-zero arbitrary real numbers. Let

Z”Sl (Z ;’)p(zﬂ:sg)é (3.1)

=1
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If p> 0 andm < 0, then Hy(r) is Schur m power convex on Ry withry,...,r, and
if p <0 and m > 0, then Hy(r) is Schur m power concave on Ry with 1, ...,y

Proof. : Here Hy(r) is obviously symmetric with r = ry,...,r, on R,.
Let us assume 1 > ro.
Now by differentiating (3.1) partially with respect to r; and ro, we get

OH n 117—1 n % -
(5 (£
=1 =1
and
OH, NP N N\,
(5 (5
=1 =1
Consider,

! 87"1 2 67“2

Al rin — ,rgn (,rl—m8 Hl Tl—ma H1>

it —ry “ il 2
_ P q p—m _ _p-m
= ANEES — <Zrl> <Z$l> (7“1 5 )

1=1 =1
It is easy to see that, when p > 0 and m < 0, then A; > 0 and when p < 0
and m > 0, then A\ < 0.

Hence, by Lemma 2.4,
if p>0and m <0, then Hy(s) is Schur m power convex on R, with sy, ..., s,
and if p < 0 and m > 0, then H(s) is Schur m power concave on R, with sy, ..., S,.

This completes proof of Theorem 3.1. O

Theorem 3.2. Letr, > 0 and s, > 0 be any two progressions and let p and q be
two non-zero arbitrary real numbers. Let

n

Hy(s) = niAm<Zs;1>é (3.2)

=1

If ¢ > 0 angm < 0, then Hy(s) is Schur m power convex on Ry with sy, ..., s, and
if ¢ <0 and m > 0,then Hy(s) is Schur m power concave on Ry with sq, ..., Sy.

Here A,,, = % E 7.
=1

Proof. : Here Hy(r) is obviously symmetric with s = sq,..., s, on R,.
Let us assume s; > ss.
Now by differentiating (3.2) partially with respect to s; and sz, we get

oOH, "N
i (§ )

=1
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and

Consider,

g — gm n P n %
= Ny =1L 2 < E rf) ( E sf) (s‘f_m —sg_m)
m
=1

=1
It is easy to see that, when ¢ > 0 and m < 0, then Ay > 0 and when ¢ < 0
and m > 0, then A, < 0.

Hence, by Lemma 2.4,
if ¢ >0 and m < 0, then Hy(s) is Schur m power convex on R, with sq,..., s,
and if ¢ < 0 and m > 0, then Hy(s) is Schur m power concave on R, with sy, ..., S,.

This completes proof of Theorem 3.2. O

Theorem 3.3. Let ¢(§) and ¥(§) be two continuous functions with ¢(§) > 0,
$(€) > 0 and let [7 ¢(E)p(€)dE #0, [°(4(€))"de #0, [ (v(€))"dE # 0,

where p and q are arbitrary real numbers. Let

INCIRS
[7o(&)v(&)de

Hy(r,s) = [fffséﬁ(égi)()ﬁq)djﬁ]p [

(o(©w(©)™ ", ifr=s

Then Hj (r7 s) is Schur m power concave(convex) with r, s if and only if:

r’ dr (3.3)

(¢<s>¢<s> n ¢<r>¢<r>)<p+q>

(9% (s) + #* (1)) . p(1(s) + ¥4(r))
[T o(&)v(&)de

INCAGLS [ ya(€)de

<(>)

(3.4)

Proof. : Here Hj (r, s) is obviously symmetric with » = 1,7y, ..., 7, and
§ = 51,52,...,8, on R,.

Let us assume s > r.

From (3.3), we have
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" ( s ¢p<s>ds)q( s w%s)ds)p
= 3\r,s) = g
(f: ¢(§>w(£>d5>p

Now by differentiating this partially with respect to s and r, we get

oy o(Fo) wop (wio) s (eione)”

- 2(p+q)

Js

(fﬁ ¢><5)w<§>d§>

o wq(g)d€>p_lw(8) Ji (serte) 17 (st0puierac) B
(o

+

PPPPP

e q><fi ¢<s>w<5>d5>(

sw(s)df) -
)¢<s>¢(s>(ff ¢P<£>d§)q(ff W(f)di)p
(f:" ¢>(€)¢(§)d€>2(p+q)

oty q<f:¢p(§)d§>q_l¢p 0 (vr(epd )f (¢<£)¢<§)df)p+q
or -
(f (¢ g)d)
(f i) ) 7 (aﬁq(é)dE)qfs (¢<s>w<a>ds)m

( df)
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This implies that,

o (M ; ) ol [ n) (/Tswq(f)c%)p

><< / s¢<5>w<«s)d§)pﬂ(sl‘%”(s)+r1—m¢p@) +p< /Tsw(g)dg)pl
<([oew) [ (soue)” (st + )
s [ (sewoa)™ ([ e’ ( [ o)

(s oe)us) 411 = molr)or) )]

S >z<p+q> o [ (owtere)™ ([ )"

m ( J7 o©)u(€)de
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{/w déUsb €)de (57 (5)+r1 P (1) /¢P €)dg (s (s)b(s)) + 1%(7*)1&(7')}

tp / (e d&[ / B(E)H(E)E (567 () 477 (r) / YI(E)dE (5 6 (5)(s))+ r1m¢<r>w(r>]}

Since

( (Smm)mq) ([ otewow)™ ([ oew) ([ vigw)” =0
m( [ $(€)p(€)ds r 7 ,

So Az and

[ ve dg[ [ wi@ag(st st e ) - [ s ot %(r)w(r)]
[ o df[/¢ s (s (s )= [ (o5 (s)) o mcb(f)@b(r)}
- [ 90 df[q [ e syt me ) [ (s o) W(r))]

- / PP (§)dg / YL (s B(s)(s) + T d(r)Y(r)) (p + q)

have the same symbol.

Hence, we have Hj (r, s) is Schur m power concave (convex) with r, s, if and
only if:

/ " B(E)E)de [q / e (5 (s) () / " (E)dE (') b ()

< () / (o) / T E)dE (s (s (s) + () (0 + q)

q 7 VAUE)dE(s' P (s) + 71 P(r)) +p [ 9U(E)dE (st D (s) + 1! T(r))
JTor(€)de [ a(€)dg

-

< (o) O o)) (0 +a)
- T o©ule)de
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q(s'"¢"(s) + 710 (r))
J7 or(€)de

p(s'"y(s) +ri 7y (r))
Jowa(€)de

+

<) (s (s)¥(s) + i (r)Y(r)) (p + q)
T I7o(&)v(&)de

This completes proof of Theorem 3.3.
d

Corollary 3.4. Let ¢(§) and ¥(§) be two continuous functions and let their
second order derivatives exists with

o> 009 >0, [ C(Ep(E)de £ 0, / (B(e)Pde #0, / (e # 0.

If-1<p<0,0<qg<l,p+q>0 and ¢(&),¥(§) are concave functions of op-
posite monotonicity then Hs(r,s) is Schur m power conver with r = 11,79, ..., T,
and s = $1, Sa,...S, on R,.

4. APPLICATION

The following applications are established by using our main results.

Theorem 4.1. Letr,, > 0 and s, > 0 be any two progressions and let p and q be
two non-zero arbitrary real numbers. Then
(i) if p > 0,9 > 0 then

(£ (E)

i=1

Ql
/N
3

=

_l’_
| =
~—

b

3

3

b

3

®

(ii) if p < 0,q < O then

VRS
(]
—
=
~r3
~~
S =
VR
3
—
<
~Q
~_
Q|

11
S (np + _>Anar An7s-
q

Here
Anar _ ;Lzl ("nl)7
n
Ao = 27:1(50
n

Proof. : (i) By Lemma 2.7 has a majorization inequality:

L1y T4le+r Il 4L
e

n n
and by Theorem 3.1 and by Ddefinition 2.1, we have
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if p > 0, then H(r) > Hy(A,,r), that is

( Zr?)p(Zs?)q > (n(An,»P)”( s?)q A, <n<An,s )Q)q
=1 =1 =1

By majorization inequality, we have

111y stuatots SHgteto
817827‘“7871 n PIEEER) n

and by Theorem 3.2 and Definition 2.1, we have
if ¢ > 0, then Hy(s) > Hs(A,, s), that is

Y b ()
n% An,r(ZS;]) > TL% An,r (n(An,s)q> = n< Anyr Anss

=1

From the above relations, we have

n 1 n 1 1.1
(Z"{)> p (ZS?) q > n<p+q>Amr Anss

exactness.
By Similar method the following inequality is also established,

<i7{)>; <i5?>a S n<p+q> An;r ATL7S (41>

1=1 =1
The proof of Theorem 4.1 is complete. O

Theorem 4.2. Letr, > 0 and s, > 0 be any two progressions and let p and q be
two non-zero arbitrary real numbers . Then

1 1

(i) When p >0, if — 4+ - =1 and {r,},{sn} have the opposite of
P q

monotonicity, then

(%)

=1

1 n

n 1
q
(Z 5?) 2 n Anﬂ” Anas Z Zrlsl
=1

=1

T =

1 1

(ii) When 0 <p<1,if—+- =1 and {r,},{sn} have the opposite of monotonic-
p q

ity, then

(er> (Z 5?) S n Anﬂ” Anas Z Zrlsl
=1

=1 =1
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1 1
Proof. : (i) When p > 1, if — 4+ — = 1 and by Theorem 1, we have
P q

n 1 n 1

<ZT’IP> <ZS?> >n Anar Arms: An7r Anas
=1 =1

and by Lemma 2.7, we have

n Ay Ay — nZ}ll(ﬁ) Z?:l(sl) _ 27:1(7”1) 27:1(30 >n Z?:l TS _ iﬁsl

n n n n

From the above relations, we have

n % n % n
(Zr?) (zs;) > 1 A>3 s
=1 =1 =1

exactness.
By Similar method the following inequality is also established

<i7nf> ’ <i8?> ‘ S nAnar An;s 2 irlsl

1=1 1=1 =1
The proof of Theorem 4.2 is complete.

5. CONCLUSION

In this paper, by using of majorization inequality theory we investigated the
Schur m power convex about related functions of Holder’s Inequality, giving a
complete critical condition of Schur m power convex function to Holder’s In-
equality and some applications were established.
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